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1 Introduction
1 Schr\"odinger ;





(1.3) $\psi_{\pm}(x, \eta)=\frac{1}{\sqrt{S_{odd}}}\exp(\pm\int_{x_{0}}^{x}S_{odd}(x, \eta)dx)$
$= \exp(\pm\eta\int_{x_{0}}^{x}S_{-1}(x)dx)\sum_{n=0}^{\infty}\psi_{\pm,n}(x)\eta^{-n-1/2}$
$S_{odd}(x, \eta)$ (1. 1) Riccati
(14) $S(x, \eta)=\sum_{n=-1}^{\infty}S_{n}\eta^{-n}$
odd part $\psi\pm$ $(x, \eta)$ Borel $\psi_{\pm,B}(x, y)$
(1.5) $\psi_{\pm,B}(x,y)=\sum_{n=0}^{\infty}\frac{\psi_{\pm,n}(x)}{\Gamma(n+1/2)}(y\pm y_{0}(x))^{-n-1/2}$
(16) $y_{0}(x)= \int_{x_{0}}^{x}S_{-1}(x)dx$
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WKB $\psi\pm$ ( Borel ) Stokes $(Q_{0}(x)$
) Stokes WKB Borel $\psi_{\pm,B}$















[KKKoTl] [AKT2] MPPT(Merging Pair of a simple Pole and a











2.1 ([KKKoTl]). $a$ Schr\"odinger
(2.1) $( \frac{d^{2}}{dt^{2}}-\eta^{2}(\frac{Q_{0}(t,a)}{t}+\eta^{-1}\frac{Q_{1}(t,a)}{t}+\eta^{-2}\frac{Q_{2}(t,a)}{t^{2}}))\tilde{\psi}(t,a,\eta)=0$
$Q_{MPPT}(t, a, \eta)$ (2.1) MPPT $Q_{j}(t, a)(i=$
$0,1,2)$ $t=a=0$
(2.2) $Q_{0}(0, a)\neq 0$ if $a\neq 0$ ,
(2.3) $Q_{0}(t, 0)=ct+O(t^{2})$ with $c\neq 0$ .
MPPT $Q_{MPPT}(t, a, \eta)$ $\eta$ $a=0$ $t=0$
$a$
2.1. MPPT $a=0$ ghost
([KO3]),
MPPT $t=0$ Whittaker ;
(2.4) $( \frac{d^{2}}{dx^{2}}-\eta^{2}(\frac{1}{4}+\frac{\alpha}{x}+\eta^{-2}\frac{\gamma(\gamma+1)}{x^{2}}))\psi(x, \alpha,\gamma,\eta)=0$ .
$\alpha$(a), $\gamma(a)$ $a=0$ ;
(2.5) $\alpha(0)=0,$ $\gamma(a)^{2}+\gamma(a)=Q_{2}(0, a)$ .
(2.4) $\eta$ $x=0$ x $=-4\alpha$
$a=0$ $x=0$
(2.6) $x(t,a, \eta)=\sum_{n=0}^{\infty}\eta^{-n}x_{n}(t,a)$ ,
(2.7) $\alpha(a,\eta)=\sum_{n=0}^{\infty}\eta^{-n}\alpha_{n}(a)$
;
(2.8) $\frac{Q_{0}(t,a)}{t}+\eta^{-1}\frac{Q_{1}(t,a)}{t}+\eta^{-2}\frac{Q_{2}(t,a)}{t^{2}}=(\frac{\partial x}{\partial t})^{2}(\frac{1}{4}+\frac{\alpha}{x}+\eta^{-2}\frac{Q_{2}(0,a)}{x^{2}})-\frac{1}{2}\eta^{-2}\{x;t\}$ ,
(2.9) $- \frac{1}{2}\{x;t\}:=(\frac{\partial x}{\partial t})^{1/2}\frac{\partial^{2}}{\partial t^{2}}(\frac{\partial x}{\partial t})^{-1/2}$ .
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$x,$ $\alpha$ $[KKK_{0}T1]$ $x,$ $\alpha$
$x,$ $\alpha$ $\eta^{-n}$ $x_{n}(t, a),$ $\alpha_{n}(a)$ $t=a=0$ $U$ $U$
; $C_{0},$ $A>0$ $n\geq 0$
(2.10)
$\sup_{(t,a)\in U}\{|x_{n}(t, a)|, |\alpha_{n}(a)|\}\leq C_{0}n!A^{n}$ .
$x_{0}(\cdot, a)$ $t=0$ $x_{0}=0$ MPPT to $(a)$
(2.11) $x_{0}(t_{0}(a), a)=-4\alpha_{0}(a)$ , $x_{0}(0, a)=0$
$\alpha$0 $(a)$ $\alpha_{0}(0)=0$ xO$(t, a)$ MPPT
(2.4) $\alpha$ $\alpha_{0}(a)$
$x$ $\alpha$ (24) WKB $\psi(x, \alpha, \eta)$ ;
(2.12) $\tilde{\psi}(t, a, \eta)=(\frac{\partial x}{\partial t})^{-1/2}\psi(x(t, a, \eta), \alpha(a, \eta), \gamma(a), \eta)$ .
$\psi$ MPPT WKB (2.12)
(2.13) $( \frac{\partial x}{\partial t}I\sum_{n=0}^{-1/2\infty}\frac{1}{n!}(\sum_{k\geq 1}x_{k}(t, a)\eta^{-k})^{n}\frac{\partial^{n}}{\partial x^{n}}$
$\cross\sum_{m=0}^{\infty}\frac{1}{m!}(\sum_{l\geq 1}\alpha_{l}(a)\eta^{-l})_{\alpha=exo(a)}^{m}\frac{\partial^{m}}{\partial\alpha^{m}}\psi(x, \alpha, \gamma(a), \eta)_{x=x_{0}(t,a)},$
$\cdot$
$x,$ $\alpha$ (2.10) (2.13) $x,$ $\alpha$ Borel $\psi_{B}(x, \alpha, y)$
microdifferential operator $\mathcal{X},$ $\mathcal{A}$ $\mathcal{X},$ $\mathcal{A}$ [AY];
(2.14) $\mathcal{X}=:(\frac{\partial g}{\partial x_{0}})^{1/2}(1+\frac{\partial r}{\partial x_{0}})^{-1/2}\exp(r(x_{0}, a, \eta)\xi)$ :
(2.15) $\mathcal{A}=:\exp((\alpha_{1}\eta^{-1}+\alpha_{2}\eta^{-2}+\cdots)\theta)$ :
$:\cdot$ : $\xi,$ $\eta,$ $\theta$ : $\xi:=\partial_{x0}$ , : $\eta:=\partial_{y}$ , : $\theta:=\partial_{\alpha_{0}}$ xO $(t, a)$ $t$
$g(x_{0}, a)$ $x_{0}(t, a)$ $t$ $r(x_{0}, a, \eta)$
(2.16)
$r(x_{0}, a, \eta)=\sum_{k\geq 1}x_{k}(g(x_{0}, a), a)\eta^{-k}$
microdifferential operator
$\partial_{a}\alpha_{0}(0)\neq 0$ $a$ $\alpha_{0}$ ;
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22.
(2.17) $\mathcal{L}=\frac{\partial^{2}}{\partial x_{0}^{2}}-(\frac{\partial^{2}g/\partial x_{0}^{2}}{\partial g/\partial x_{0}})\frac{\partial}{\partial x_{0}}-(\frac{\partial g}{\partial x_{0}})^{2}$ QMPPT $(g(x_{0},a),$ $a,$ $\frac{\partial}{\partial y})$
(2.lS) $\mathcal{M}=\frac{\partial^{2}}{\partial x_{0}^{2}}-(\frac{1}{4}+\frac{\alpha_{0}}{x_{0}})\frac{\partial^{2}}{\partial y^{2}}-\frac{\gamma(\gamma+1)}{x_{0}^{2}}$




(2.20) $\mathcal{Y}=:(\frac{\partial g}{\partial x_{0}})^{1/2}(1+\frac{\partial r}{\partial x_{0}})^{3/2}\exp(r(x_{0}, a,\eta)\xi)$ :
$\mathcal{X}$ , $\mathcal{Y},$ $\mathcal{A}$ microdifferential operator
$\mathcal{X},$
$\mathcal{A}$ $\psi_{B}$ ;
(2.21) $\mathcal{X}\mathcal{A}\psi_{B}=\frac{\partial g}{\partial x_{0}}\psi_{B}(x_{0}, \alpha_{0},\gamma,y)$
$+ \int_{y}^{y}\circ K(x_{0}, \alpha_{0},y-y’, \partial_{x_{0}},\partial_{\alpha_{0}})\psi_{B}(x_{0}, \alpha_{0}, \gamma,y’)dy’$.
yo $\partial_{y}^{-1}$ $K(x_{0}, \alpha_{0}, y, \partial_{x0}, \partial_{\alpha 0})$
$x_{0}=\alpha_{0}=y=0$ $V$ K $K(x_{0}, \alpha_{0}, y, \xi, \theta)$
$V\cross \mathbb{C}_{\xi}\cross \mathbb{C}_{\theta}$ ([AKY]): $V$ $V_{0}$ $h>0$
$C_{V_{0},h}>0$
(2.22) $\sup_{(x_{0},\alpha_{0},y)\in V_{0}}|K(x_{0}, \alpha_{0}, y, \xi, \theta)|\leq C_{V_{0},h}\exp\{h(|\xi|+|\theta|)\}$ .









MPPT (2.1) $t_{0}(a)$ WKB $\tilde{\psi}_{\pm}$ (13)
$x_{0}$ $t_{0}(a)$ Whittaker (2.4) $-4\alpha$
WKB $\psi_{\pm}$ (2.12) WKB
WKB ;
3.1. (2.6), (2.7) $x(t, a, \eta),$ $\alpha(a, \eta)$ $WKB$ ;
(3.1) $\tilde{\psi}_{\pm}(t, a, \eta)=(\frac{\partial x}{\partial t})^{-1/2}\psi_{\pm}(x(t, a, \eta), \alpha(a, \eta), \gamma(a), \eta)$ .
MPPT WKB Whittaker WKB
Whittaker WKB
3.2 $([KT])$ . $\psi_{\pm,B}(x, \alpha, \gamma, y)$
(3.2) $y=-y\pm(x, \alpha)+2m\pi i\alpha(m=0, \pm 1, \pm 2, \cdots)$
alien derivative $\Delta_{y=-y\pm+2m\pi i\alpha}\psi\pm$
(3.3) $(\triangle_{y=-y\pm+2m\pi i\alpha}\psi_{\pm})_{B}(x, \alpha, \gamma, y)$
$= \frac{\exp(2m\pi i\gamma)+\exp(-2m\pi i\gamma)}{2m}(\exp(-2m\pi i\eta\alpha)\psi_{\pm})_{B}(x, \alpha, \gamma, y)$ .
(3.4) $y_{\pm}(x, \alpha)=\pm\int_{-4\alpha}^{x}\sqrt{\frac{1}{4}+\frac{\alpha}{x}}dx$
alien calculus [Sa]
3.1. $S_{odd}$ Whittaker Riccati odd part ;
(3.5) $2 \pi i\eta\alpha=\int_{\Gamma}S_{odd}dx$ .
r
MPPT WKB alien derivative (3.1) Borel
;
3.3. $K$ (2.21) $\mathcal{X}\mathcal{A}$ $\tilde{\psi}_{\pm,B}$
;
(3.6) $\tilde{\psi}_{\pm,B}(t, a, y)=\frac{\partial t}{\partial x_{0}}\psi_{\pm,B}(x_{0}, \alpha_{0},\gamma, y)$
$+ \int_{-y\pm\alpha_{0}=\alpha o(a)}^{y}K(x_{0}, \alpha_{0},y-y^{J}, \partial_{x_{0}}, \partial_{\alpha_{0}})\psi_{\pm,B}(x_{0}, \alpha_{0},\gamma, y’)dy_{x_{0}=x_{0}(t,a)}^{l}\gamma=\gamma(a)$”.
71
(3.6) alien derivative ; 2.2
$r>0$ $\tilde{V}$ (3.6) ;
(3.7) $\tilde{V}=\{|t|<r, 0<|a|<r, |y+y_{\pm}|<r\}$ .
2 $\mathcal{X}\mathcal{A}$ $\psi_{\pm,B}$ $\psi\pm$ ,B $\tilde{V}$
(3.8) $\{y=-y_{\pm}(x_{0}, \alpha_{0})+2m\pi i\alpha_{0};m\in Z, |2m\pi i\alpha_{0}|<r\}$
y $=-y\pm+2m_{0}\pi i\alpha_{0}(m_{0}\in Z)$ $\tilde{\psi}_{\pm}$ alien derivative
$aarrow 0$ $\alpha_{0}(a)arrow 0$ $a$ $|2m_{0}\pi i\alpha_{0}(a)|<r$ (3.6)
alien derivative
;
34. $m\in Z$ $\delta>0$ $<r,$ $0<|a|<\delta$
(3.9) $(+$
$= \frac{\exp(2m\pi i\gamma(a))+\exp(-2m\pi i\gamma(a))}{2m}(\exp(-2m\pi i\eta\alpha(a, \eta))\psi_{\pm})_{B}(t, a, y)$ .
3.2. (3.9) $y\pm(x_{0}, \alpha_{0}),$ $\alpha(a, \eta)$ MPPT Riccati odd part
$\tilde{S}_{odd}$ ;
(310) $y_{\pm}(x_{0}(t, a), \alpha_{0}(a))=\int_{t_{0}(a)}^{t}\sqrt{\frac{Q_{0}(t,a)}{t}}dt$ ,







MPPT Whittaker $a=0$ ghost
WKB $a=0$
MPPT ghost
? MTP 2 ?
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